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:H SUHVHQW DQDO\WLFDO LQYHVWLJDWLRQ RI H[DFW ODJ V\QFKURQL]DWLRQ EHWZHHQ WZR XQLGLUHFWLRQDOO\ FRX
SOHG LGHQWLFDO WLPH GHOD\ V\VWHPV ZLWK WZR FKDUDFWHULVWLF GHOD\ WLPHV ZKHUH WKH GHOD\ WLPH LQ WKH
FRXSOLQJ LV GLmHUHQW IURP WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV :H VKRZ WKDW WKH ODJ
WLPH LQ V\QFKURQL]DWLRQ RI PDVWHU DQG VODYH V\VWHPV LV WKH GLmHUHQFH EHWZHHQ WKH FRXSOLQJ GHOD\
WLPH DQG WKH WLPH GHOD\ LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV $OVR IRU WKH nUVW WLPH ZH GHPRQVWUDWH
WKDW SDUDPHWHU PLVPDWFKHV FDQ H[SODLQ WKH H[SHULPHQWDO REVHUYDWLRQ WKDW WKH ODJ WLPH LV HTXDO
WR WKH FRXSOLQJ GHOD\
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6HPLQDO SDSHUV RQ FKDRV V\QFKURQL]DWLRQ >@ KDYH VWLPXODWHG D ZLGH UDQJH RI UHVHDUFK DFWLYLW\
>@ &KDRV V\QFKURQL]DWLRQ LQ FRXSOHG V\VWHPV KDYH EHHQ HVSHFLDOO\ H[WHQVLYHO\ VWXGLHG LQ WKH
FRQWH[W RI ODVHU G\QDPLFV HOHFWURQLF FLUFXLWV FKHPLFDO DQG ELRORJLFDO V\VWHPV >@ &KDRV V\QFKUR
QL]DWLRQ FDQ EH DSSOLHG LQ VHFXUH FRPPXQLFDWLRQV RSWLPL]DWLRQ RI QRQOLQHDU V\VWHP SHUIRUPDQFH
PRGHOLQJ EUDLQ DFWLYLW\ DQG SDWWHUQ UHFRJQLWLRQ SKHQRPHQD >@ 'XH WR nQLWH VLJQDO WUDQVPLVVLRQ
WLPHV VZLWFKLQJ VSHHGV DQG PHPRU\ HmHFWV WLPH GHOD\ V\VWHPV DUH XELTXLWRXV LQ QDWXUH WHFK
QRORJ\ DQG VRFLHW\ >@ 7KHUHIRUH WKH VWXG\ RI V\QFKURQL]DWLRQ SKHQRPHQD LQ VXFK V\VWHPV LV RI
KLJK SUDFWLFDO LPSRUWDQFH 7LPH GHOD\ V\VWHPV DUH DOVR LQWHUHVWLQJ EHFDXVH WKH GLPHQVLRQ RI WKHLU
FKDRWLF G\QDPLFV FDQ EH PDGH DUELWUDULO\ ODUJH E\ LQFUHDVLQJ WKH GHOD\ WLPH >@ )URP WKLV SRLQW
RI YLHZ WKHVH V\VWHPV DUH HVSHFLDOO\ DSSHDOLQJ IRU VHFXUH FRPPXQLFDWLRQ VFKHPHV >@
7KH UHFHQWO\ GLVFRYHUHG ODJ V\QFKURQL]DWLRQ >@ ZKLFK DSSHDUV DV D FRLQFLGHQFH RI VKLIWHGLQWLPH
VWDWHV RI WZR V\VWHPV \W  [  s [W b ~ ZLWK SRVLWLYH ~ EHWZHHQ WZR ELGLUHFWLRQDOO\ FRXSOHG
FKDRWLF V\VWHPV GHVFULEHG E\ RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK SDUDPHWHU PLVPDWFK LV DSSUR[
LPDWH LQ QDWXUH DV DVVXPSWLRQV FRQFHUQLQJ DYHUDJLQJ RYHU URWDWLRQV RI WKH SKDVHV DQG FRQVWDQW
VORZ SKDVH DVVXPSWLRQ DOORZHG WKH DXWKRUV RI >@ WR REWDLQ WKLV W\SH RI V\QFKURQL]DWLRQ $OWKRXJK
LQ UHFHQW \HDUV ODJ V\QFKURQL]DWLRQ LQ WLPH GHOD\ V\VWHPV KDV EHHQ VWXGLHG LQWHQVLYHO\ ERWK H[
SHULPHQWDOO\ DQG QXPHULFDOO\ LQ UHSUHVHQWDWLYH V\VWHPV VXFK DV FKDRWLF VHPLFRQGXFWRU ODVHUV ZLWK
RSWLFDO IHHGEDFN >@ QR DQDO\WLFDO WUHDWPHQW RI H[DFW LH ZLWKRXW DQ\ DSSUR[LPDWLRQV ODJ V\Q
FKURQL]DWLRQ KDV EHHQ SHUIRUPHG 0RVW H[SHULPHQWDO LQYHVWLJDWLRQV RQ FKDRV V\QFKURQL]DWLRQ LQ
XQLGLUHFWLRQDOO\ FRXSOHG DQ H[WHUQDO FDYLW\ VHPLFRQGXFWRU ODVHUV >@ KDYH IRXQG WKDW WKH ODJ WLPH
EHWZHHQ WKH PDVWHU DQG VODYH ODVHUV LV HTXDO WR WKH FRXSOLQJ GHOD\ ZKHUHDV QXPHULFDO UHVXOWV >@
VKRZ WKDW WKH ODJ WLPH VKRXOG EH HTXDO WR WKH GLmHUHQFH EHWZHHQ WKH GHOD\ LQ WKH FRXSOLQJ DQG
URXQGWULS WLPH RI WKH OLJKW LQ WKH WUDQVPLWWHU
V H[WHUQDO FDYLW\ IRU WKH FRXSOHG LGHQWLFDO V\VWHPV
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.QRZOHGJH RI WKH H[DFW ODJ WLPH LV RI FRQVLGHUDEOH SUDFWLFDO LPSRUWDQFH DV H[SHULPHQWV RQ PHV
VDJH WUDQVPLVVLRQ XVLQJ nEUH ODVHUV DQG GLRGH ODVHUV KDYH VKRZQ WKDW WKH UHFRYHU\ RI PHVVDJH DW
WKH UHFHLYHU FULWLFDOO\ GHSHQGV RQ WKH FRUUHFWLRQ PDGH IRU WKH ODJ WLPH >@ ,Q D UHFHQW SDSHU
>@ QXPHULFDO VWXG\ RI WZR GLVWDQW XQLGLUHFWLRQDOO\ FRXSOHG VLQJOHPRGH VHPLFRQGXFWRU ODVHUV VXE
MHFW WR RSWLFDO IHHGEDFN ZDV UHSRUWHG ,Q >@ LW ZDV IRXQG WKDW WZR IXQGDPHQWDOO\ GLmHUHQW W\SHV
RI FKDRWLF ODJ V\QFKURQL]DWLRQ FDQ RFFXU GHSHQGLQJ RQ WKH VWUHQJWKV RI WKH FRXSOLQJ DQG RI WKH
IHHGEDFN RI WKH UHFHLYHU ODVHU ,Q WKH nUVW W\SH RI V\QFKURQL]DWLRQ ZKHQ WKH IHHGEDFN UDWHV RI WKH
WUDQVPLWWHU DQG UHFHLYHU ODVHUV DUH HTXDO WKH ODJ WLPH LV HTXDO WR WKH FRXSOLQJ GHOD\ EHWZHHQ WKH
WUDQVPLWWHU DQG UHFHLYHU ODVHUV LQ WKH VHFRQG W\SH RI V\QFKURQL]DWLRQ ZKHQ WKH IHHGEDFN UDWH RI
WKH WUDQVPLWWHU LV HTXDO WR WKH VXP RI WKH IHHGEDFN UDWH RI WKH UHFHLYHU DQG FRXSOLQJ VWUHQJWK WKH
ODJ WLPH LV WKH GLmHUHQFH EHWZHHQ WKH FRXSOLQJ GHOD\ DQG WKH URXQGWULS WLPH RI WKH OLJKW LQ WKH
WUDQVPLWWHU 7KH nUVW W\SH RI ODJ V\QFKURQL]DWLRQ ZDV VWXGLHG H[SHULPHQWDOO\ LQ >@ 7KH VHFRQG
W\SH RI ODJ V\QFKURQL]DWLRQ ZDV REVHUYHG H[SHULPHQWDOO\ LQ >@ +RZHYHU DV LW IROORZV IURP WKH
UHVXOWV RI QXPHULFDO VLPXODWLRQV RI WKH nUVW W\SH RI ODJ V\QFKURQL]DWLRQ WKH V\QFKURQL]DWLRQ HUURU
DSSURDFKHV ]HUR RQO\ RFFDVLRQDOO\ HYHQ DIWHU LQWURGXFLQJ D FRQVWDQW PXOWLSO\LQJ FRUUHFWLRQ FRHp
FLHQW 7KXV DV WKH DXWKRUV RI >@ WKHPVHOYHV DFNQRZOHGJH WKH V\QFKURQL]DWLRQ PDQLIROG LQWURGXFHG
LQ >@ LV QRW H[DFW
,Q WKLV /HWWHU ZH GHYHORS DQ DQDO\WLFDO DSSURDFK WR H[DFW ODJ V\QFKURQL]DWLRQ LQ XQLGLUHFWLRQ
DOO\ FRXSOHG WLPH GHOD\ V\VWHPV JRYHUQHG E\ WZR FKDUDFWHULVWLF GHOD\ WLPHV ZKHUH WKH GHOD\ WLPH
LQ WKH FRXSOLQJ LV GLmHUHQW IURP WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV :H nQG WKDW
IRU LGHQWLFDO V\VWHPV QR SDUDPHWHU PLVPDWFKHV WKH ODJ WLPH LV HTXDO WR WKH GLmHUHQFH EHWZHHQ
WKH FRXSOLQJ GHOD\ WLPH DQG WKH WLPH GHOD\ LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV :H SD\ SDUWLFX
ODU DWWHQWLRQ WR WKH LQYHVWLJDWLRQ RI ODJ V\QFKURQL]DWLRQ LQ FKDRWLF H[WHUQDO FDYLW\ VHPLFRQGXFWRU
ODVHUV DQG IRU WKH nUVW WLPH GHPRQVWUDWH WKDW SDUDPHWHU PLVPDWFKHV FDQ H[SODLQ ZK\ WKH H[SHU
LPHQWDOO\ PHDVXUHG ODJ WLPH EHWZHHQ WKH WUDQVPLWWHU DQG WKH UHFHLYHU ZDYHIRUPV LV HTXDO WR WKH
FRXSOLQJ GHOD\ DQG LV LQGHSHQGHQW RI WKH URXQGWULS WLPH RI WKH OLJKW LQ WKH H[WHUQDO FDYLW\ RI WKH
WUDQVPLWWHU
7R HQKDQFH WKH DFFHVVLELOLW\ DQG SUDFWLFDOLW\ RI RXU SUHVHQWDWLRQ ZH GHPRQVWUDWH WKH SULQFLSOHV
XVLQJ FRQFUHWH H[DPSOHV IURP GLmHUHQW DUHDV RI SK\VLFV )LUVW FRQVLGHU WKH IROORZLQJ XQLGLUHFWLRQ
DOO\ FRXSOHG GULYHU [ DQG UHVSRQVH \ V\VWHPV ZLWK GLmHUHQW IHHGEDFN DQG FRXSOLQJ GHOD\V ~ W
DQG ~ X  UHVSHFWLYHO\ >@
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ZKHUH P b P c DQG P d DUH FRQVWDQWVm !  (TXDWLRQV  SOD\ DQ LPSRUWDQW UROH LQ HOHFWURQLFV
DQG SK\VLRORJLFDO VWXGLHV >@ 1RZ ZH GHPRQVWUDWH WKDW IRU ~ e ! ~ f
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LV WKH ODJ V\QFKURQL]DWLRQ PDQLIROG )URP HTV LW IROORZV WKDW XQGHU FRQGLWLRQV
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
WKH HUURU c  [ o p q o r b \ VDWLVnHV WKH IROORZLQJ WLPH GHOD\ HTXDWLRQ
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7R VWXG\ WKH VWDELOLW\ RI WKH ODJ V\QFKURQL]DWLRQ PDQLIROG RQH FDQ XVH D .UDVRYVNLL/\DSXQRY
IXQFWLRQDO DSSURDFK $FFRUGLQJ WR >@ WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ IRU WKH WULYLDO VROXWLRQ
c   RI WLPH GHOD\ HTXDWLRQ t uv w  bUWc  VWc x LV UW ! MVWM 7KXV ZH REWDLQ WKDW
m ! MP y M 
LV WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ IRU ODJ V\QFKURQL]DWLRQ DQG WKH ODJ V\QFKURQL]DWLRQ PDQLIROG
\  [ z { | z } LV DV\PSWRWLFDOO\ VWDEOH 7KH FRQGLWLRQ  LV WKH H[LVWHQFH QHFHVVDU\ FRQGLWLRQ RI
ODJ V\QFKURQL]DWLRQ EHWZHHQ WKH XQLGLUHFWLRQDOO\ FRXSOHG PRGLnHG ,NHGD PRGHO  1RWLFH WKDW
LQ FRQWUDVW WR >@ ZH PDNH QR DSSUR[LPDWLRQV WR REWDLQ ODJ V\QFKURQL]DWLRQ
,Q WKH IROORZLQJ H[DPSOH ZH GHPRQVWUDWH ODJ V\QFKURQL]DWLRQ LQ QRQFKDRWLF WLPH GHOD\ V\VWHPV
&RQVLGHU WKH IROORZLQJ XQLGLUHFWLRQDOO\ FRXSOHG QRQFKDRWLF GULYHU [ DQG UHVSRQVH \ V\VWHPV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ZKHUH N  DQG N  DUH IHHGEDFN UDWHV IRU WKH GULYHU DQG UHVSRQVH V\VWHPV UHVSHFWLYHO\ N  LV WKH
FRXSOLQJ UDWH :H DUJXH WKDW IRU m   m   m [       \ LV WKH ODJ V\QFKURQL]DWLRQ PDQLIROG
7KH SURRI FRPHV IURP WKH LQYHVWLJDWLRQ RI WKH G\QDPLFV RI WKH HUURU c  [      b \ ZULWWHQ DV
 
   bmc N  c   XQGHU WKH H[LVWHQFH FRQGLWLRQ N   N   N   $JDLQ WKH .UDVRYVNLL/\DSXQRY
IXQFWLRQDO DSSURDFK DOORZV WR nQG WKH VXpFHQW VWDELOLW\ FRQGLWLRQ IRU WKH ODJ V\QFKURQL]DWLRQ
PDQLIROG m ! MN  M
1H[W ZH FRQVLGHU ODJ V\QFKURQL]DWLRQ EHWZHHQ FKDRWLF VHPLFRQGXFWRU ODVHUV ZLWK RSWLFDO IHHG
EDFN 6WXG\LQJ V\QFKURQL]DWLRQ LQ FKDRWLF VHPLFRQGXFWRU ODVHUV LV RI JUHDW SUDFWLFDO LPSRUWDQFH
GXH WR WKHLU DSSOLFDWLRQV LQ KLJKVSHHG RSWLFDO FRPPXQLFDWLRQV DQG SRWHQWLDO LQ FKDRVEDVHG VHFXUH
FRPPXQLFDWLRQV >@ ([WHUQDO FDYLW\ ODVHU GLRGHV DUH FRPPRQO\ PRGHOHG ZLWK WKH /DQJ.RED\DVKL
HTXDWLRQV VHH HJ >@ %DVHG RQ >@ KHUH ZH ZLOO XVH UDWH HTXDWLRQV IRU WKH ODVHU LQWHQVLW\ , DQG
H[FHVV FDUULHU GHQVLW\ Q WR GHVFULEH VHPLFRQGXFWRU ODVHUV ZLWK RSWLFDO IHHGEDFN 7KH XVH RI WKH UDWH
HTXDWLRQV ZKLFK QHJOHFW WKH RSWLFDO SKDVH LV MXVWLnHG LQ GHWDLO LQ >@ :H KDYH DOVR LQYHVWLJDWHG
WKH ODJ FKDRV V\QFKURQL]DWLRQ UHJLPH LQ H[WHUQDO FDYLW\ ODVHUV PRGHOOHG E\ WKH /DQJ.RED\DVKL
HTXDWLRQV ZKLFK LQFOXGHV WKH RSWLFDO SKDVH DQG KDYH GHULYHG WKH VDPH H[LVWHQFH FRQGLWLRQ IRU WKH

ODJ V\QFKURQL]DWLRQ PDQLIROG DV LQ WKH FDVH RI WKH VLPSOHU UDWH HTXDWLRQV SUHVHQWHG KHUH 6XSSRVH
WKDW WKH PDVWHU ODVHU
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LV FRXSOHG XQLGLUHFWLRQDOO\ WR WKH VODYH ODVHU
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ZKHUH J LV WKH GLmHQWLDO RSWLFDO JDLQ ~  LV WKH PDVWHU DQG VODYH ODVHUV
 H[WHUQDO FDYLW\ URXQG
WULS WLPH ~  LV WKH FRXSOLQJ WLPH EHWZHHQ ODVHUV o   WKH FDUULHU GHQVLW\ UDWH oWKH FDYLW\ GHFD\
UDWHFDYLW\ ORVVHV DWKH LQMHFWLRQ FXUUHQW UHODWHG WHUP N   N  DQG N  DUH IHHGEDFN DQG FRXSOLQJ
UDWHV UHVSHFWLYHO\
1RZ ZH DQDO\WLFDOO\ SURYH WKDW ,   ,         Q   Q        LV WKH ODJ ~   ~   V\QFKURQL]DWLRQ
PDQLIROG IRU WKH LQWHUDFWLQJ ODVHU V\VWHPV  DQG  DQG GHULYH WKH QHFHVVDU\ FRQGLWLRQ IRU WKDW
:H GHnQH WKH LQWHQVLW\ DQG FDUULHU HUURUV E\ c   ,  b ,        DQG c   Q  b Q         7KHQ
XQGHU WKH FRQGLWLRQ
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LW LV SRVVLEOH WR REWDLQ WKH IROORZLQJ HUURU G\QDPLFV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ZKHUH Q  DQG ,  DUH WKH VROXWLRQV RI HTV  ,W LV REYLRXV WKDW c   c    LV WKH VROXWLRQ RI WKH
V\VWHP  :H XQGHUOLQH WKDW ZKLOH GHULYLQJ  ZH GLG QRW DVVXPH WKDW WKH c  DQG c  DUH
VPDOO 7KH FRQGLWLRQ  LV WKH QHFHVVDU\ FRQGLWLRQ IRU V\QFKURQL]DWLRQ EHWZHHQ XQLGLUHFWLRQDOO\
FRXSOHG LGHQWLFDO PDVWHU DQG VODYH ODVHU V\VWHPV DQG WKLV DQDO\WLFDO UHVXOW LV LQ H[FHOOHQW DJUHHPHQW
ZLWK QXPHULFDO VLPXODWLRQV LQ >@ DQG H[SHULPHQWV LQ >@ +DYLQJ IRXQG WKH QHFHVVDU\ FRQGLWLRQ
H[LVWHQFH FRQGLWLRQ IRU ODJ V\QFKURQL]DWLRQ RQH VKRXOG VWXG\ WKH TXHVWLRQ RI VWDELOLW\ RI WKH
V\QFKURQL]DWLRQ PDQLIROG :H DGG WKH HUURU HTXDWLRQV  WR DUULYH DW WKH GHFRXSOHG HUURU
G\QDPLFV
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(TXDWLRQ  KDV D VLPSOH JHRPHWULFDO LQWHUSUHWDWLRQ ZKLFK LV YHU\ KHOSIXO WR nQG WKH VWDELOLW\
FRQGLWLRQ RI WKH LQYHUVH DQWLFLSDWLQJ V\QFKURQL]DWLRQ PDQLIROG 7KH WULYLDO VROXWLRQV c    c ¡  
DUH WKH LQWHUVHFWLRQ SRLQWV RI D IDPLO\ RI FXUYHV ¢ £ ¤
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$V SK\VLFDOO\ o ­ LV SRVLWLYH ZH HmHFWLYHO\ DUULYH DW WKH LQYHVWLJDWLRQ RI WKH VWDELOLW\ RI WKH WULYLDO
VROXWLRQ RI HTXDWLRQ © ª ¯
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  $ .UDVRYVNLL/\DSXQRY IXQFWLRQDO DSSURDFK JLYHV
WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ o ! MN ® M
1RZ ZH FRQVLGHU ODJ V\QFKURQL]DWLRQ LQ FDVFDGHG V\VWHPV ,W FDQ EH HQYLVDJHG WKDW LQ DQ DG
YDQFHG FRPPXQLFDWLRQ V\VWHP XVLQJ FKDRWLF RVFLOODWRUV WKHUH ZLOO EH D QHHG WR EURDGFDVW D PHVVDJH
WR D QXPEHU RI UHFHLYHUV RU HOVH XVH PD\ EH PDGH RI UHSHDWHU VWDWLRQV WR H[WHQG WKH WUDQVPLV
VLRQ GLVWDQFH ,Q ERWK WKHVH FDVHV WKHUH LV D QHHG WR GHPRQVWUDWH D FDSDELOLW\ IRU WUDQVIHUULQJ
V\QFKURQL]DWLRQ IURP D PDVWHU V\VWHP WR D QXPEHU RI VODYH V\VWHPV +HUH ZH GHPRQVWUDWH WKDW
V\QFKURQL]DWLRQ FDQ EH HmHFWHG EHWZHHQ PDVWHU DQG VODYH V\VWHPV DUUDQJHG LQ VHULHV 7KLV ZH
WHUP FDVFDGHG V\QFKURQL]DWLRQ 6XFK D DUUDQJHPHQW ZRXOG EH DSSOLFDEOH LQ D FKDLQ RI UHSHDWHUV
/HW WKH GULYHQ V\VWHP \ IURP HTV GULYH DQRWKHU UHVSRQVH V\VWHP ]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7KHQ E\ PDNLQJ XVH RI HUURU G\QDPLFV DSSURDFK DERYH RQH FDQ REWDLQ WKH QHFHVVDU\ DQG VXpFLHQW
VWDELOLW\ FRQGLWLRQV IRU ODJ V\QFKURQL]DWLRQ EHWZHHQ WKH PDVWHU V\VWHP [ DQG WKH UHVSRQVH V\VWHPV
] ]  [ ¸ ¹ º » ¼ º ½ ¾ ZLWK ODJ WLPH ~ ¿ b ~ À  P À  P Á P Â DQG m ! MP Á M UHVSHFWLYHO\ +HUH ZH KDYH
DVVXPHG WKDW ODJ V\QFKURQL]DWLRQ EHWZHHQ [ DQG \ VWDWH YDULDEOHV KDV DOUHDG\ WDNHQ SODFH WKHQ
XVLQJ \  [ Ã Ä Å Ã Æ ZH KDYH UHSODFHG [ ¿ Ã Ä Å Ã Æ E\ \ Ã Ä  8QGHU WKLV DVVXPSWLRQ LW LV DOVR HDV\ WR FKHFN
WKDW WKH V\QFKURQL]DWLRQ EHWZHHQ WKH UHVSRQVH V\VWHPV \ DQG ] RFFXUV ZLWK WKH ODJ WLPH ~ ¿ b ~ À 
]  \ Ã Ä Å Ã Æ  7KH H[LVWHQFH DQG VXpFLHQW VWDELOLW\ FRQGLWLRQV IRU WKH V\QFKURQL]DWLRQ EHWZHHQ WKH
UHVSRQVH V\VWHPV DUH P ¿ P Ç  P Á P Â DQG m ! MP Á M UHVSHFWLYHO\ ,W LV VWUDLJKWIRUZDUG WR
FKHFN WKDW WKH FRQFHSW RI FDVFDGHG ODJ V\QFKURQL]DWLRQ FDQ EH DOVR DSSOLHG WR WKH FKDLQ RI FKDRWLF
ODVHU V\VWHPVLH E\ DGGLQJ DQRWKHU VODYH ODVHU V\VWHP RI WKH IRUP È É ÊË Ì  JQ Í bo, Í N Î , Í Wb~ Ï 
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Ô Õ  Dbo Ö Q × bJQ × , × WR HTV DQG  RQH FDQ REWDLQ WKH ODJ V\QFKURQL]DWLRQ PDQLIROG
, ×  , Ø Ù Ú Û Ü Ý Þ Ü ß à  Q ×  Q Ø Ù Ú Û Ü Ý Þ Ü ß à ZLWK WKH ODJ WLPH ~ Ú b ~ Ø  &DVFDGHG ODJ V\QFKURQL]DWLRQ RI
FKDRWLF H[WHUQDO FDYLW\ ODVHU GLRGHV KDV EHHQ UHFHQWO\ GHPRQVWUDWHG H[SHULPHQWDOO\ >@
7KXV ZH GHPRQVWUDWH WKDW LQ WKH FDVH RI ODJ V\QFKURQL]DWLRQ EHWZHHQ WZR XQLGLUHFWLRQDOO\ FRXSOHG
LGHQWLFDO WLPH GHOD\ V\VWHPV ZLWK WZR FKDUDFWHULVWLF GHOD\ WLPHV WKH ODJ WLPH LV WKH GLmHUHQFH
EHWZHHQ WKH FRXSOLQJ GHOD\ WLPH DQG WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV +RZHYHU
PRVW H[SHULPHQWDO LQYHVWLJDWLRQV RQ FKDRV V\QFKURQL]DWLRQ LQ XQLGLUHFWLRQDOO\ FRXSOHG H[WHUQDO
FDYLW\ VHPLFRQGXFWRU ODVHUV >@ KDYH IRXQG WKDW WKH ODJ WLPH EHWZHHQ WKH PDVWHU DQG VODYH ODVHUV LV
HTXDO WR WKH FRXSOLQJ GHOD\ DQG LV LQGHSHQGHQW RI WKH URXQGWULS WLPH RI WKH OLJKW LQ WKH H[WHUQDO
FDYLW\ RI WKH WUDQVPLWWHU 'HVSLWH DFWLYH UHVHDUFK LQ WKH nHOG WKLV RXWVWDQGLQJ SUREOHP WKXV IDU
UHPDLQV XQUHVROYHG 7KLV SUREOHP LV DOVR RXWVWDQGLQJ IRU WKH UHFHQWO\ UHSRUWHG nUVW H[SHULPHQWDO
REVHUYDWLRQ RI DQWLFLSDWLQJ FKDRV V\QFKURQL]DWLRQ LQ VHPLFRQGXFWRU ODVHUV ZLWK RSWLFDO IHHGEDFN

>@
,Q WKLV /HWWHU IRU WKH nUVW WLPH ZH GHPRQVWUDWH WKDW SDUDPHWHU PLVPDWFKHV FDQ H[SODLQ WKH
H[SHULPHQWDO REVHUYDWLRQ WKDW WKH ODJ WLPH LV HTXDO WR WKH FRXSOLQJ GHOD\ )LUVW ZH GHPRQVWUDWH WKH
LGHD IRU WKH H[DPSOH RI FRXSOHG QRQFKDRWLF V\VWHPV  6XSSRVH WKDW WKH SDUDPHWHU m LV GLmHUHQW
IRU QRQFKDRWLF GULYHU PDVWHU DQG UHVSRQVH VODYH V\VWHPV m á  mb p DQG m â  m  p $ERYH
ZH KDYH REWDLQHG WKDW ZLWK LGHQWLFDO m ã DQG m â WKH V\VWHP  DOORZV IRU WKH ODJ V\QFKURQL]DWLRQ
PDQLIROG \  [ ä å æ ä ç ZLWK WKH ODJ WLPH ~ â b ~ ã  1RZ ZH DUJXH WKDW ZLWK SDUDPHWHU PLVPDWFKHV
LH m ã  m è V\VWHP  DOORZV IRU WKH ODJ V\QFKURQL]DWLRQ PDQLIROG \  [ é ê ZLWK WKH ODJ WLPH ~ è 
'HQRWH WKH HUURU VLJQDO E\ c  [ é ê b \ 7KHQ IURP HT RQH FDQ REWDLQ WKDW
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7KXV XQGHU WKH H[LVWHQFH FRQGLWLRQV N ó  N ð DQG p  N ò IRU ODJ V\QFKURQL]DWLRQ PDQLIROG \  [ î ï
IURP WKH HUURU [ î ï b \ G\QDPLFV
Gc
GW
 bm pc  N ó c î ñ  
ZH DOVR REWDLQ WKH VXpFLHQW VWDELOLW\ FRQGLWLRQ m p  m ð ! MN ó M 2Q WKLV EDVLV ZH QRZ FRQVLGHU
WKH V\VWHPV  DQG :H VXSSRVH WKDW WKH FDYLW\ GHFD\ UDWH o LQ HTV DQG  LV GLmHUHQW
IRU WKH GULYHU o ó  DQG UHVSRQVH o ð  V\VWHPV o ó  o b p DQG o ð  o  p ZKHUH p GHWHUPLQHV
WKH SDUDPHWHU PLVPDWFK XVXDOO\ GLmHUHQW YDOXHV IRU WKH FDYLW\ GHFD\ UDWHV DUH XVHG E\ GLmHUHQW
DXWKRUV VHH HJ>@ 1RZ ZH DUJXH WKDW ZLWK SDUDPHWHU PLVPDWFKHV , ð  , ó ô î ï FDQ EH WKH ODJ
V\QFKURQL]DWLRQ PDQLIROG IRU V\VWHPV  DQG  ZLWK WKH ODJ WLPH EHLQJ HTXDO WR WKH FRXSOLQJ
GHOD\ )URP HTV DQG  LW LV SRVVLEOH WR REWDLQ LQ DQDORJ\ WR HT GHFRXSOHG HUURU G\QDPLFV
IRU c ó  , ð b , ó ô î ï DQG c ð  Q ð b Q ó ô î ï 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,Q RWKHU ZRUGV c ó  c ð   LV WKH VROXWLRQ RI HT LI WKH H[LVWHQFH FRQGLWLRQV N ó  N ð XQGHU
WKLV FRQGLWLRQ N ð , ð ô î ñ b N ó , ó ô î ñ í î ï  N ð c ó ô î ñ  DQG p  N ò DUH VDWLVnHG 7KXV ZH REWDLQ WKDW WKH
ODJ WLPH EHWZHHQ WKH ZDYHIRUPV LQ WKH PDVWHU DQG VODYH ODVHUV LV HTXDO WR WKH FRXSOLQJ GHOD\ LI
WKH SDUDPHWHU PLVPDWFK o ð b o ó HTXDOV WKH FRXSOLQJ VWUHQJWK N ò  LH p  N ò DQG WKH IHHGEDFN
UDWHV IRU WKH PDVWHU DQG VODYH ODVHUV DUH HTXDO N ó  N ð  7KLV DQDO\WLFDO UHVXOW LV LQ YHU\ JRRG
DJUHHPHQW ZLWK QXPHULFDO VLPXODWLRQV LQ >@ DQG H[SHULPHQWV LQ >@ $V RQH FDQ HDVLO\ HVWLPDWH
WKH FRXSOLQJ UDWH N ò LQ WKH H[SHULPHQWV WKH FRQGLWLRQ p  N ò FDQ DOVR EH XVHG IRU WKH HVWLPDWLRQ
RI WKH GLmHUHQFHV RI WKH FDYLW\ ORVVHV EHWZHHQ WKH VHPLFRQGXFWRU ODVHUV WR EH V\QFKURQL]HG
7KH IROORZLQJ SRLQW GHVHUYHV WR EH XQGHUOLQHG ,Q >@ LW LV LQGLFDWHG WKDW QXPHULFDO VLPXODWLRQV
RI WKH VHFRQG W\SH RI V\QFKURQL]DWLRQ FRQWUDVWV ZLWK 0DVROOHU
V QXPHULFDO ZRUN RQ DQWLFLSDWLQJ
V\QFKURQL]DWLRQ >@ WKH SKHQRPHQRQ GLVFRYHUHG E\ 9RVV LQ >@ $FFRUGLQJ WR >@ 0DVROOHU

KDV SRLQWHG RXW WKDW WKH UHFHLYHU DQWLFLSDWHV WKH HOHFWULF nHOG SURGXFHG E\ WKH WUDQVPLWWHU RQO\ LI
~ ö  ~ ÷  ,W FDQ EH SURYHQ DQDO\WLFDOO\ WKDW XQGHU WKH FRQGLWLRQ  , ÷  , ö ø ù ú û ù ü s , ö Wb~ ÷ b~ ö 
Q ÷  Q ö ø ù ú û ù ü LV WKH DQWLFLSDWLQJ ~ ÷ ! ~ ö  V\QFKURQL]DWLRQ PDQLIROG IRU WKH LQWHUDFWLQJ ODVHU
V\VWHPV  DQG  ,Q >@ LW LV DUJXHG WKDW ZKDWHYHU WKH YDOXH RI ~ ö  WKH RXWSXW RI WKH UHFHLYHU
, ö DQWLFLSDWHV WKH VLJQDO WKDW LV LQMHFWHG LQWR LW , ÷ ø ù
ü
ZLWK DQ DQWLFLSDWLRQ WLPH ~ ÷  ,QGHHG LW
FDQ EH FKHFNHG WKDW XQGHU WKH FRQGLWLRQ  ZKLFK FRLQFLGHV ZLWK WKH FRQGLWLRQ  LQ >@ WKDW
, ÷ ø ù ü  , ö ø ù ú  Q ÷ ø ù ü  Q ö ø ù ú LV WKH V\QFKURQL]DWLRQ PDQLIROG IRU WKH V\VWHPV  DQG  ZKDWHYHU
WKH YDOXH RI ~ ö  ,Q IDFW WKHUH LV QR FRQWUDGLFWLRQ EHWZHHQ 0DVROOHU
V QXPHULFDO UHVXOWV DQG WKH
QXPHULFDO VLPXODWLRQV LQ >@ DV WKH PDQLIROGV , ÷  , ö ø ù ú û ù ü DQG , ÷ ø ù ü  , ö ø ù ú DUH HTXLYDOHQW
)LQDOO\ DSSO\LQJ WKH SURFHGXUH DERYH WR WKH FRXSOHG FKDRWLF ,NHGD V\VWHPV >@
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RQH FDQ REWDLQ WKDW \  [    LV WKH ODJ V\QFKURQL]DWLRQ PDQLIROG LI WKH SDUDPHWHU PLVPDWFK
m  bm   p LV HTXDO WR WKH FRXSOLQJ UDWH . 1RWLFH WKDW LQ WKLV H[DPSOH ZLWKRXW WKH SDUDPHWHU
PLVPDWFK LH m   m   m QHLWKHU \  [        QRU \  [    LV WKH V\QFKURQL]DWLRQ PDQLIROG 7KLV
FDQ EH VHHQ E\ WKH HUURU G\QDPLFV
Gc
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7KH VXpFLHQW VWDELOLW\ FRQGLWLRQ IRU WKH ODJ V\QFKURQL]DWLRQ PDQLIROG \  [    FDQ EH ZULWWHQ DV
m p  m  ! MnM
7R VXPPDUL]H ZH KDYH SUHVHQWHG DQ DQDO\WLFDO LQYHVWLJDWLRQ RI H[DFW ODJ V\QFKURQL]DWLRQ EH
WZHHQ XQLGLUHFWLRQDOO\ FRXSOHG WLPH GHOD\ V\VWHPV ZLWK WZR FKDUDFWHULVWLF GHOD\ WLPHV ZKHUH WKH
GHOD\ WLPH LQ WKH FRXSOLQJ LV GLmHUHQW IURP WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV
:H KDYH VKRZQ WKDW WKH ODJ WLPH EHWZHHQ WKH RVFLOODWLRQV RI WKH PDVWHU DQG VODYH V\VWHPV LV WKH
GLmHUHQFH EHWZHHQ WKH FRXSOLQJ GHOD\ WLPH DQG WKH GHOD\ WLPH LQ WKH FRXSOHG V\VWHPV WKHPVHOYHV
:H KDYH DOVR FRQVLGHUHG ODJ FKDRWLF V\QFKURQL]DWLRQ LQ FDVFDGHG V\VWHPV DQG GHULYHG WKH H[LVWHQFH
DQG VXpFLHQW FRQGLWLRQV IRU VXFK SRVVLEOH SUDFWLFDO FRPPXQLFDWLRQ VFKHPHV $OVR IRU WKH nUVW
WLPH ZH KDYH GHPRQVWUDWHG WKDW SDUDPHWHU PLVPDWFKHV FDQ H[SODLQ WKH H[SHULPHQWDO REVHUYDWLRQ
WKDW WKH ODJ WLPH LV HTXDO WR WKH FRXSOLQJ GHOD\
7KLV ZRUN LV VXSSRUWHG E\ 8. (365& XQGHU JUDQWV *55 DQG *51
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